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VI. On the Diameters of o Plane Cubic.
By J.J. WaLker, M. 4., F.R.S.
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Revised February 9, 1888,

[PrATES 6-8.]

I. AsstrACT.

1. THE object of this Memoir is to develop relations which subsist between a cubic (u)
and the complex of lines, in its plane, which are the polars with respect to it of the
points on any transversal (L). This complex becomes the system of NEwTONIAN
DrameTERS of the cubic, when the points on the plane are projected on a second plane
parallel to that containing the vertex of projection and the line L (lz 4+ my + nz=0).

This development involves frequent reference to the envelope of the complex in
question, the conic

o [0% 0P 0% \2 *u  Pu 0% O*u
which, in analogy with the “ pole” of a line in the theory of conics, I propose to call
the “ Poroip” of the cubic # and the line Li; and, in particular, when the line L is at
infinity, the *“ CENTROID ” of w. ﬂ
2. Hesse* first appears to have used the equation to s in the theory of the ternary
cubic form—but without any recognition of its geometrical significance—to obtain
the equation to the cubic in “line-coordinates:” viz., in the form of the resultant of

the system
N
PR il tm o on,
with
le + my + nz =0,

and this resultant will plainly be, to a factor, the equation to s itself in line-
coordinates &, », {, with 7, m, n substituted for &, , { respectively.

* ¢ CreLne, Journ, Math,,” vol. 41, p. 285 . . . , under date January, 1850.
' 28.6.88
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152 MR. J. J, WALKER ON THE DIAMETERS OF A PLANE CUBIC.

3. In the first edition of the ¢ Higher Plane Curves’ (1852) SarmoN, under the
subject “ Poles and Polars” (of cubics), showed that

s=20

is the envelope of the polar lines of points on L, touching each tangent to u at the
points L = 0, = 0 in the point harmonic conjugate to its contact with u relatively
to its intersections with the other two, and proposed for the locus of s = 0 the
designation ¢ Polar conic of the line” L, for which I have ventured to suggest, and
use, the shorter name “ Poloid ” of (v and) L.

In Cavrey’s Memoir “ On Curves of the Third Order,” ¢ Phil. Trans.,” 1857, the
additional property is given of the polar lines of points on L all passing through a
point (viz, the intersection of the two right lines into which s, ““the lineo-polar
envelope of the line,” then breaks up) on the Hessian of u, when L joins corresponding
points on that curve. Beside these I have not been able to find any notice of the
conic 8.

4. If through any point P in its plane chords are drawn meeting the cubic in O,
O,, O3, and a point O is taken on the chord determined by the relation

3 1

1 1
p0 = 70, T PO, T 7O,

the locus of O is a straight line, according to a theorem of Corms’s, communicated by
his friend, Dr. Roperr SmiTH, Master of Trinity College, Cambridge, to MACLAURIN,
after Cores’s lamented death, and proved by MACLAURIN® as a case of a more
general theorem which presented itself to his mind when
munication.” For shortness I have called the point O the ¢ Cores-point” on the
chords through P, the locus of which is now well known to be the polar line of the
point P relative to the cubic u.

5. If P describes a line L, the Corrs-points of the polar lines of the points on L—
regarded as chords of u—relatively to their intersections with L, may be considered.
§§ 28--32. ‘

The locus of the Corms-points of this complex of lines is shown in the sequel to be
a nodal. cubic (37) and (40),

meditating on this com-

v =0,

which covariant of % and the line L, I propose to call their ¢ Cotesian.”

6. Considering (§§ 33-37) more generally the locus of Cors-points on chords of u
subject to the condition of tuuching s, the result comes out as a concomitant breaking
up into two factors, one the cubic v just referred to, the other being the equation to

* ¢De Lin. Geom. Prop. Gen. Theor. IV.,” p. 24, ed. 1748. The Theorem is not given in the ‘ Harmonia
Mensurarum,’ as sometimes erroneously stated, with the subjects of which treatise it has no connexion.
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MR. J. J. WALKER ON THE DIAMETERS OF A PLANE CUBIC. 153

the three tangents to v at the points in which it is met by L, now first obtained in
a general form. In the Memoir referred to (‘Phil. Trans.,’ 1857, p. 439) CayLEy
obtained, with his peculiar skill, the equation of the three tangents in question
for HessE'S canonical form of u ; viz., ‘

aw® + by 4+ 2+ 6exyz, . . . . . . . . (2)

finding for the “satellite line” of L, or line in which the tangents again meet u, the
equation that, further on (§ 36) will be shown to verify the general form at which I
have arrived ; and in terms of which (if it be taken as a fundamental covariant of u
and L) and of s the equation of the nodal cubic v may be expressed.

7. Whereas through any point in the plane of the cubic v and the line L there can
be drawn in general (§§ 40-43) two chords having it as their Cores-point relatively to
those in which they meet L, viz, those determined by the polar-conic of the first
point ; if, however, that point be taken on s the two chords coincide, and thus a
complex of double chords is obtained, which are the polars with regard to s (§ 42) of
the Cores-points of the polar lines of the points of L, and are shown (§§ 58-60) to
have as their envelope a tricuspidal quartic (81)

w = 0,

the equation of which cannot be found explicitly except for specifically assigned forms
of u. '

The point in which a double chord meets s being its Cores-point, that in which it
touches its envelope is shown to be harmonic conjugate to the former with respect to
the intersections of the chord with the line L and with the conic s again; and the.
two intersections of the double chord with s are thereby discriminated (§ 59).

8. Again, considering (§ 61) the points of a line having its pole on L, the chords of
which those are Cores-points constitute two groups: viz., one a pencil through the
pole of the polar line, the other having as its envelope a conic (§ 88) touching the line
L as well as the polar line in question (in virtue of its being the line of the latter
complex through its own CorEs-point) and the double chord through its point of
contact with s, which is both a ray of the pencil and a line of the complex.

This system of conics (§ 62) has as its envelope the sides of the quadrilateral formed
by the transversal L and the tangents to the cubic at the points in which L meets it.

9. A question of some interest is considered (§§ 38-39) : what, if any, of the complex
of polar lines of points on the transversal L are conjugate, in the sense of their inter-
section being the Corms-point on either?  Discarding the tangents to  at the points
in which it is met by the transversal L, each of which is conjugate to itself, the only
distinct conjugate polar lines of points on L are the two tangents to the poloid (s) of L
Jrom the pole of that line with respect to the poloid.

10. As the chord of contact with the poloid of the two tangents through its pole

MDCCCLXXXVIIL—A. X
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154 MR. J. J. WALKER ON THE DIAMETERS OF A PLANE CUBIC.

L forms a coincident pair of ““double chords” (of the cubic); and these three lines,
viz., the two tangents and their chord of contact, form a triad of lines of reference by
means of which the properties of the complexes of lines here considered may be
deduced with far greater facility than through the use of the canonical form (2).

The two tangents to s from the pole of L with respect to s are the nodal tangents
of the Cotesian v (§ 50), the line L being its inflexional axis; a circumstance which
explains the unique character of this triad of lines, and marks them out as the best
system of lines of reference for the discussion of properties connected with this con-
comitant of the primitive cubic u (§§ 48-62).

11. But, whereas these tangents to s, the poloid of L, are only real when L cuts s
in real points (which is shown to occur only when it meets the cubic u in but a single
real point), three other triads of lines exist, of which one at least is always real, con-
venient as lines of reference in many of the questions which arise: viz., the sides of
one of the three triangles whose corners are the pole of L, with respect to s; one of
the three points in which L meets u; and the pole of the connector of these two
points. Fach of these being self-conjugate triangles in respect of s, the equation of
that conic is reduced to a trinomial form; and since the cuspidal tangents of the
envelope w (§ 76) all pass through the pole of L, the equation of that curve is of a
comparatively simple character for one of these triangles of reference. In Plate 6,
ABC is one of these triangles (§§ 63-76).

12. If the line L touches u it touches its poloid s also ; and consequently other lines
of reference have to be looked for. These are found in the line L, the tangent to u
at the point where L cuts it (itself a tangent to s also, it will be remembered), and the
chord of contact of these lines with s.

In this case the cubic v degenerates into the line L, and a conic having double
contact with s; while the envelope w also degenerates into a conic having double
contact with s and the Cotesian conic at the same points (§§ 77-81).

18. When L becomes the line at infinity the pencil of chords through any point on
it is to be replaced by a system parallel to a given line, and the polar line by the
diameter which is the locus of the mean point on any chord of the system relatively
to its intersections with the cubic.

The envelope of these diameters I have called the ““ Centroid” of the cubie, from
its evident analogy with the centre of conics, apprehending no confusion in such a
connexion with the sense of a ¢ mass-centre,” which it sometimes bears.

The consideration of the Centroid and associated curves occupies the concluding
part of this Memoir.

14. The method of treatment of the discussions, an abstract of which has just been
given, is uniformly analytical, trilinear coordinates being employed. The results will be
found to be arrived at without much difficulty, or tedious calculation, considering the
great generality of most of them. With a view to simplifying three important discus-
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sions as much as possible, a preliminary investigation of a form into which the result
of substituting for the variables in a ternary quadratic form the expressions

o ) o 0 op _ ,0¢
"y "™ e "a Ma 'y

¢ being any ternary form and I, m, n any three constants, is introduced (§§ 24-27) ;
and the special cases of its application in the sequel are considered.
15. The notation employed throughout is as follows :—

(i.) The right line, considered generally, is written

ety +=0:

(ii.) The particular transversal considered in connexion with a cubic u is always

written
L=lx+ my + nz:

(iii.) The cubic » being, in point coordinates,
u=ax® 4+ by® + c2® + 8a,0%y + Bagx*z + . . . + Gexyz,
is written in line coordinates—or its reciprocal is—
v=0%%0 4 Pafn® + a0 4. .. L

(iv.) The poloid of L with respect to the cubic in point coordinates is represented
by sasin § 1, or (§19)
s=upd® 4. Uy .. ,

and in line coordinates—or its reciprocal—by o, where

bo = (dugglgg — u%g)E* 4 . . .+ 2 (ugytyy — 2uq gl + .« .

(v.) Any special point on L regarded as the “pole” of a pencil of chords of the

707

cubic u is marked (x'y’2), and any special point on the polar line of #y%’ is marked

17 11 11

a’y’?"; a “chord” being a line, or transversal, considered particularly in connexion
with its intersections with the cubic u.

II. PRELIMINARY.

16. The intersections of a line &» + yy 4+ {z =0, with a carve w =0 of order p,
may be studied through the equation

pPDru 4 ppr~1Dr~1y +2?le%1« cpr . Demty A 4 ppDutu=0, . . (3)

X2
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156 MR. J. J. WALKER ON THE DIAMETERS OF A PLANE CUBIC.

where, @'y'2" being a given point on the line, and D defined by
, 0
Po=1) - =+ ) D=y~ 1)y, H(la = B+ (8= 1) 1 [ ()

if, for shortness, e, 8, v represent the sines of the angles of the triangle of reference,
p is equal to the length of the segment of the line between the point «'y’2 and any
one of the p points in which it meets the curve » (‘ London Math. Soe. Proc.,” vol. 9,
p. 227); provided £+ 9* + ¥ — 29f cos A — 2{€ cos B — 2&9 cos C = 1.

17. Thus the sum of the reciprocals of those segments is equal to

—p Dufu ;
while, if (zyz)is any other point on the same line, && + . . ., and p’ similarly equal to
the segment between x'y2" and it,
w—al=p oy —=IB), y—y=ple=E&) r=d=p(EB—nx). . . (5)

But if 2yz is the Corus-point (§4) on the line in respect to «’y'2" and the curve w,

Pl = —p Dufu
=y~ 5+ =) 55 + (B0 35 |

whence (5)

o’ A O ou’ ,
(e =) g + (1 =) 3 + (=) g+ = 0;
o o’ o ow
U (2 (3 )
aT-g--jua,_*o,.(...u..(s)

viz., the locus of zyz is the polar line of «'y’%".

18. If now, instead of considering &, », { as variable and (x'y2") as fixed, § 5, { are
regarded as constant—say equal to [, m, n—and (2'y%’) as any point on L, or
loe 4+ my 4 nz = 0, the envelope of the line (6) will obviously be the same as its
equation in line coordinates, regarded as a curve of order p — 1 in point coordinates
«y7. Thus, if u were a quartic, (3) having been written in the form

Pu
ror B
y+...+6myzama — =0,

y Oz

03 o, OPu
matg_l— '+3"Uya.z2

its envelope might at once be written down as

ZG{@?SY@?Y'% T }4‘”’& {@5%) @ZE) + .. } +n6{.... }+....=0;

viz., the poloid of the line I and the quartic u is avother quartic. I have made the
foregoing remark to draw attention to the perfect generality of the theory of the
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poloid, and, at the same time, to show that it is of equal or higher degree than u for
values of p exceeding 3.

19. In the case, then, alone contemplated in this Memoir, of u being a cubic, and
(6) being, therefore, otherwise written

s 0P 0%

x a%;l+....+2yzm+....=0,

the envelope takes the form (1)

0% 0% Pu \2 o’ P P 0%
2 fusnl 2 e e A T e —
36s=1 {83/2 5 (ayaz>}+“°'+2m”{azax oy " 8 aya;}+""“°’

as given by SarmoN (‘ Higher Plane Curves, 3rd edition, p. 156), I, m, n here
replacing a, B, .

If written in the normal form of a conic the coeflicients u;; . . . uyg . . are the contra-
variant conics of the triad of conics,

__ou 3

__Ou

_ou
?/Lg:az/ 3, y

taken singly and in pairs, viz., the cubic being written as in the ¢ Higher Plane
Curves,” only with the substitution of e for m,

u=aad + by® + ¢2® + 3a,2% + 3w’z 3byPc - 3byy*z 4+ 3c2% + Be2’y + Gexyz, (8)
and the poloid of # and L being

. S = up@® - Uggly® + Uge?® 4 Ugey? + ugpx + wppey, . . . . (9)
then

uyy = (bie, — )P + (ac, — a®)m? + (aby — a?)n® + 2(ay05 — ae)mn D
+ 2(age — ash))nl + 2(aze — ayc)lm
gy = (bey — b)* + (a90y — )m?® + (baty — b*)n? + 2(bje — agbs)mn
+ 2(b,b; — be)nl + 2(bge — bycy)lm
gy = (cby — ¢?)P* + (cag — ¢)*)m?* + (ashs — €*)n® + 2(c,e — cy05)mn
+ 2(c,e — byey)nl + 2(ci0, — ce)lm
gy = (be — bscg) P + (0o + a5 — 2018)m* + (bag + by — 2b,e)n
+ 2(be, + €% — ayey— agbs)ymn + 2(bycy— bey )nl+ 2(bse, — cby)lm
gy = (cby + baey — 2ege)l? + (ac — age)m® + (abs + a3d; — 2a.e)n?
+ 2(tg; — acy)mn 4 2(agcy 4 € — bic; — agbg)nl 4 2(cous — cay)lm
Uy = (bey 4 bicy — 2b4e)1* + (acy, + g0, — 2a5e)m? + (b — aghy)n?
+ 2(agh, — abg)mm 4 2(bsay — bag)nl 4 2(azhg -+ €* — ety — bycylm) |
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20. The invariants of the equation (3), which for p = 3, is
PP D+ 80 D+ 8pDu+u=0 . . . . . . (11)
and, for one of the conics, s, u . .., or o,u/3 . . .,
p? Dy 4+ 20 Dy +y =0, . . . . . . . (12)

give the fundamental invariants of L and u, u, . . ., in a very succinet form, involving
«'y'? regarded as parameters connected by the equation I’ 4 my 4+ nz’ = 0; thus, if

A =ax’ + By + 7,
then (11)—& =, { being replaced in the operator D (4), § 16, by , m, n—
wy D2y — (D) = A%y, . .. Coe e (1)
Uy D2ug + ug D2y — 2 Dug Dug = A% . . .5 . . . . (14)
(¢ London Math. Soc. Proec.,” vol. 9, p. 232.) Also (1)
uDu — (Du)p=4A", . . . . . . . . (15)
. (v D% — Du D?u)® — 4{(Du)® — uD?u} {(D*s)* — Du D%} = A%, . (16)
i ve=0 4+ ... =0

is the standard form of the condition that L shall touch .

21. The above forms are very convenient for the comparison of related concomi-
tants essential to the objects of this Memoir.

Thus, the condition that I should touch s (9)

(gqthag — u223/4)‘l2 4o (ug /2 — upuggymn 4 .. (=0), . (17)
multiplied by A™ is (if I’ + my” + n2’ = 0) equal to
s D% — (Ds)%
Now, since D*(A") = 0, whatever integers £, ¥ may be,

A5 D% — (Ds)?} = A6 D? (A%)* — 4{D (A%)}*;

* Tt is to be observed that if « is of order p, then D" is of order p — «; and that if ¢ = %X’ x being
of order q, ¥ of order #, then
p»D¢ = q¥ Dx + rx Dy,
p.p—1D% =q.¢g— 1y D% + 2gr Dx DY + 2.7 — 1x D¢

4.3D%(A%) =2.1A2D%. ..

and so on: thus
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or (15)
4 A*{s D% — (Ds)*} = 4{u D*u — (Du?)}6 D*{u D% — (Du)*}
— [4 D{u D*» — (Du)*} % oo (18)
But
.4 D{u D — (Du)*} = 3 Du D% + » D3y — 4 Du D
= u D% — Du D% ; e e s (19)
and .
12 D*{u D*u — (Du)*} = 8 Du D3 — 2 (D%)* — Du D3,
or

6 D*{u D*» — (Du)*} = Du D3u — (D)2 R 10
By substitution from (19) (20) in (18)

4 A%{s D% — (Ds)*} = 4{u D*u — (Dw)2}{Du D3 — (D)%}

— (v D3u — Du D),
whence (16) (17)

(dttggtigy — ug?)P 4. . . = — (B0 + . . ), Y 23]
v.e., the condution that L shall touch s, s equal to one-fourth of that for L touching the
cubic u, with changed sign . N ¢

22. Considering next the discriminant of s; viz. (9),
8 D.1(8) = 2uy1(4thgqtigg —1g5?) + 1h1o(Uagttay — 2Usggthye) + gy (2ygthgg — 2ugqttg)) 1 (22)

if, for shortness (7),

v, = Duy, v, = Du, vy = Duy, }% (23)
w, = Du,, w, = Du,, wy = D2, '
U, = vwy —vqw,,. Uy =ww;, —vw,, Uz = vjw, — vgwy,
V., = wyug — wyu,, Vo= wu, — wiug, V= wu, — wyu, . (29)
W, = ugs — ugvy, W, = ugv; — w0, W; = uyv, — uguy,
then (18, 14), ‘
A (duggugg — tgg®) = 4(ugwy — v5%) (ugwy — v5%) — (g + ugwy — 2v40,)?
= d(vgws — v5w,) (ugvy — ugvy) — (Wyug — 103%)2
=4U0,W, — V2, e e e s (29)

* By means of these expressions the equation of the poloid (s) may be thrown into a form which
exhibits it explicitly as the envelope of the polar line of points in L: viz., by (9}, (13), (14), (23),
A= (2u'y + yu'y + 2u'y) (aw'y + yw'y + 2w'y) — (@0 +yv'y +205)% . . . (8Dbis)
Of the right lines in this form, (i) zu', + . .. is the polar line of the point &'y’s' in L; (ii) aw, + . . . or
(ry — &B) vy + . . . is the Newtonian diameter of chords of « parallel to Li (shown in fig. 1 touching the
. poloid at D'); (iii) #v'; + ... or a'v; + . . . is the chord of contact with (s) of (i), (ii).—(April, 1888.)
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A ggtig) — ugqtiny) == (ugty + Ugwy — 2040;) (ugw; + 1 1wy — 2040))
— 2(ugws — v5%) (wywy + ugv) — 201,
= 2U1W2 + 2U2W1 - V1V2 . . . . . . . . (26)
Hence (22),

8AD.Y(s) = (wyw, + wyw, — 2v0,) (2U,W, + 2U, W, — V| V)

+ (wwy + wywy — 209 QU W, + 2U, W, — V, V)
+ (wyws + wgw, — 20v;) (20U, W, 4+ 2U,W, — V,V,)

= 2Uu, (W, + Waw, + Wawy) + 2W (U, + .. )
+ 2V (Vio, +..0)

=92AP%, . . . . .2

where,

P=(Uwu, +..)/A%= (Vo4 ..)/A%° = (W, + ..)/A°

= (Uyuy + Vyo, + Wiy )/A%;

viz., P is the condition that L should be cut in involution by

which condition, multiplied by A% has been shown (‘ London Math. Soc. Proc.,” vol. 9,
p. 233) to be

Thus it is proved (27) that four times the discriminant of s is equal to the squdwe of
the Caleyam of w. . . . . . . . . . . . . o .o (1)

23. If the line Iz + my -+ nz = 0 joins corresponding points on the Hessian of u its

coeflicients satisfy the Cayleyan
P=o;

hence its poloid s breaks up into two right lines through the intersection of which the
tangents of s all pass; and the locus of this intersection, as the line L varies in
position, is the Hessian itself. This is the property mentioned in the Introduction
(§ 3) as proved by CavLEy, * Phil. Trans.,” 1857, p. 432.

24, A theorem on the result of certain substitutions, which will be of use in
subsequent investigations, may be conveniently considered before entering upon
them :— |

If ¢ is any ternary form of order p, and ¥ a quadric—say

¥ = ax® 4+ by? + c2® + 2fyz + 2gzx + 2hay, . . . . . (28)
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and if in 4 for xyz are substituted respectively

op _ 00 06 _ 0% 0 _ 08,
oy "%’ l84 T’ "M & BJ

n
the result may be thrown, if L = lx 4 my 4 nz, into the form

p¢{<a%+by¢ foyte) - +2< oyt ot gy i) k]

_ L (2P0 (P Fo Po _ T PP\
(p—1)2{ a (8y2 PE (ayaz) > toot (azax iy o ayaz> - }

2900 (o)) (08 D8 _FoT0Y, | (P De 6 0910y
(p - l)z {<8y2 02 \oy 8z> > + <8y 0z 0z0x O 8x8J>m + (890 Jy Oyoz Oy® 0z0x ox
4 P Tp_CPeIbN, L (0 2 (?iqb ? rp T b P }aw
{(ay 0z 0z0r 0% ow 8y> 0 o \oz 8x> ) m (az 0w 0wdy  0x* Oy az) " 1o
{<52¢ P _P¢ 76 >l ( Fp Fp ¢ ¢ PpPp_ (D¢ } N
+ 0y Oy 0z oy 020w 0z0x Qxdy  0x* Oy az)m <8x2 oy? (803 0 J> ) "o

_¥ [(PeTFp _ (P Fb P9 P P
T (p—1p {(83/2 02 <83/8z> > (azax ozoy  ox? 83/82') A } - (29)

The proof of this theorem depends on the identities

(p— 1)2<gj>2— < 2:2 + Y &0y (gy += azng)m)

— T _ (PP _ (P TP (TN
=r(r =435 - (G258 - (05) )r - (B2 - (%))

aﬁqb az¢ ao¢ aod)
+2 <azaaa owdy o2 ay@z) Yz. .. (30)

a¢ Qis 8Z¢ 82(}5 ’\zd) 824, 82?5
(p— 1)2_35 o ( Ox Oy Ty ayﬂ +2 8982)( 0% O +y 8yaz+ 622>

— Po | (PP _ [P\ Pp P b ¢
=pr(p— )('bayaz (Byg' 02 (ay az> ) # <8zaw 0wy  02® Jyo 04> v

(3% To P az¢> ., (8"¢> ¢ _ P a2¢> w, . . (31)

00y Oy oz Oy Oz0x Oyoz 0z0m 02 Owdy

with similar values for

)’
But (28)

MDCCCLXXXVIIL.—A. Y

o 0pdp b0,
<az> % 0w oz Oy
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¢ op 404 0p 0 _ ;08
‘P(naj e’ Zaz e’ ™% BJ)

= (em® 4 bn? — 2f'mn) <8"> (em2 + cl® — 2gnl) < ) + (bl* 4 am? — 2hlm) < >
+ 2 (— amn — {7 4 glm + hnl) + 2 (— bal 4 flm — gm? + hmn)

+ 2 (— clm + fnl + gmn — ha?) 8::5 g;’s

the substitution of the values (30), (81) of (0¢/0x)?, . .., 0¢/dy db/0z, . . ., in which,
with the addition and subtraction of the terms, wherein L = Iz + my + nz,
0% 0 ¢
2l <8g2 azf - <8y8 > >(La + thy 4 lgz),

Po o (D |
9my <a:; o <az ax> ) (mho + Tb + m),

¢ 0° 0%
2nz <8xf 8J¢ < :cBJ) >(ngac + nfy + Le),

2

8 82 az az

Fo Fo T O
2 <ax§2/ Sy af éﬁi) {nl (cz* + aa® + hay + fy2) + Lg (nz + lw)}

0’ O DPd oO?
? <8?L§a az% - ﬁaﬁy) {Im (az® + by* + fyz + gzx) + Lh (I + my)},

gives an expression identically equal to the form (29).

25. The cases of the application of this theorem which occur are :—(1) When
(§ 28) ¢ is a cubic w, and i is the polar line of a point whose coordinates are
now' /oy’ — m an'/az' Cee (oc’y'z’) being also a point on lz 4 my 4 nz=0; so that

a=0%/02%...f=0%/0y0z...; in which case
__Z7¢4 o é?’i,, \b‘ — 1 /9 ai’fo . 8u, alb
p—1 2 (p—~1)9_4’<x 81:2+"'>“ 8n’+JaJ+zaﬁ

and the quadratic functions in 7, m, 7 which multiply ¢ and ¥ respectively become
(be’+ b'e —2f£) P 4. . ., +2(gh’+ g’h —af’—af)mn 4 ..., and 36s

rpesectively, where a’ = 0*//ox™ . . . {" = 0%//0y 0z, . . .
Now, otherwise, the substitutions may be made in the conics (dufox) ... of the
other form of the polar line,

2 {o (o) +9(ay)+ () b
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and then the multiplier of 8u'/2 (the present value of p¢/(p — 1) in (29)) becomes,
for Y = 20u/ox,

Pu P Fu P, Pu P, .
(ax 022 0y’® ' oz oyt O? 3oy o Oy OF + ...
or, identically, that multiplier becomes
oy il o5’
for ) . :
w u ”
‘#"Zax’ 111_2'55’ ‘P—Za;
respectively.

Thus the result of the substitutions becomes
0s’ 0s’ 0Os ow ou’ ou’ ¢
18 {u ( R et B G R E s c R IR C)
whereas, by making the substitutions in the first way, the result would be

U a
B4 (b Do — 24 B + }—183(xa—,+.,.).

Identifying these two results,
(be' +be—2)P 4 ...+ 2 (gh' + g'h —af’ —a'f)mn 4 .

“12< a"“ a/+ gi)

so that the polar of «'y’2" with respect to the poloid of L may be written

o Pu . O u A P Pu ' Puw
(525 5 T orar T 2oyer e )Z +oo Tt 2(890 oy Seow T 70 By
o Pu Pu DPu o
—Wé&—g—a—x‘,@éy——agmn—l- y o= 0. (33)
26. In the second case which occurs of similar substitutions (§ 30)

pé/(p—1)=2s

0?1 o
— 1) = 2
‘l‘/(p 1) wa + . ~-‘|"2./Zayam
= 6u
asad, o2 :
éxj...angz...=2un...u23.

the doubles of the coefficients of s; and

lac+my+nz=L
Y 2
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no longer vanishes. The result (29), § 24, thus becomes

% P B O 0% 0%u

0%
28 2{ (2’“33 oy + 2ug, B i 2’“23@&2) P42 <"‘ 2uyy m - uzga—x;-l‘ ’“3;6‘;@4‘“125@)”@”}

o™ Pu
- LQE{(‘M% Ugg — tgg”) 55+ 2 (tgy 101 — 200y uz3)@a'z}

8’!6
-+ 4L% {(47"22 Ugg — %32) L (gg gy — 23 u19) M - (219 Uy — 2Ugg tg1) 1 } o
— 6uS {(dugy gy — Ugs®) B+ 2 (g Uy — U ugg) mn}. . . . . . . . (34)

It is to be observed that the values of 0y;/0x . .. are to be obtained by substituting
ufox® . . . for a . .. after differentiation ; thus, generally, in the present case

e
ajf = 2ax -+ 2hy 4 2g2

0 *u 0% ou
= 2(963;2 +ya@*—|— Zm), or 450;'

27. Lastly, the case which will occur at § 38 of the substitutions,

ow’ ou’ . 0B , Ou O
Moy T M a for xyz in 5.ty @+z§é’

differs from the first case only in the differential coefficients of u being multiplied by
«', vy, 2 instead of a, y, 2, so that (29) becomes simply equal to — u's"; i.e., — us
with x'y’2 for axyz.

IT1. GENeErAL ForMuLsm AND EQUATIONS.

28. The polar line of a point (xy2") on L, or lx + my + nz = 0, meets it in a
second point, the coordinates of which are

@ : Y : z

g0 o ol o ow ou
=T T M e T M M T Yy

and if the coordinates of this latter point are substituted for axyz in the quadric
forms (0u/ox), (du/dy), (0u/oz) of

’ 2 ou ou
(e +o(a) +(5) =0
the polar line ot this point will be expressed in terms of the coordinates of the
original point (x'y’2").
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Referring to the general form for the result of such substitutions, (29), § 24 in the
present case it is (32), § 25,

S 08 05 s’ ,/ ow ow ow’
u(mgg—l-yay,—l—zaz,) < a7t 8J+z§z7>’ S 1))

the form of which shows that the polar with respect to the poloid (s) of any point on.L
cuts the polar line with respect to w of that point in tts CoTEs-point.

29. The relation just proved gives at once the coordinates of that Cores-point in
the form ‘

Qﬁ’@i{ as'a“@i@i__éiaﬁa_é@ @i@, .
oz ay’ - a—y’ 07 " ox' 07 07 ox' ay o - o’ a?//- e e ( )

And, plainly, the Cores-point of the polar line of a point on L s the pole (with respect
to (s) the poloid of L) of that chord of the pencil through the point on L, which passes
through the contact with s of the polar line of that point. (Fig. 1.)

30. From considerations founded on the relation just established the locus of the
CotEs-point (zyz) of the polar line of a point (#'y2) on L may be at once obtained in a
general form, viz., by the elimination of 'y’2” among

ow au au

or
1o 0t ,2821 ,2§_1_4 _Q__ , ,_ajge_ ;g 0w
¥ on TY ae“" + 2y aa+2”azax+2””?/amay“°’
o0s’ Os 0s’
1135907+?/a~y7+2327’
or
, 0s , 0s 05
s+ Y 53‘/+ 5‘——0

ld +my’ +n2’ = 0.
From the last two

_ 0 as.z@f Bs" 0s l—-
—nay—mé;" EVL PR 83/

and the substitution of these values in the first gives the locus of ayz in the form
(34) § 26, of six times v, if
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v = — 4u (AP + Bm® 4+ Cn® 4 2Fmn 4 2Gnl 4 2Hlm)

P 0% u
{ABQ—I—B +082+2Faa+2(} Y 42, ay}
+ {1 + Gn) & 4 (HI + B + F) 2“ + (Gl + Fm + Cn) a“}
2 & & Fu |
+ 33{(11,33 g?‘;‘:"‘ ”223_%_ u2387%5_z> Pt

o o> 0™ Pu
+(—2unag 2383;;+ 3180083"'“12%)”’””-”}:0: - (37)

where, as above (7), %, . . . , Uy . . . are the contravariants of
ou ou ou
1 — 1 1
YUy = L —> Yo == & 3 Usg =
1 _3_8‘70 P 3 ay 3 a

taken singly and in pairs, these being the coeflicients of the poloid, viz.,
§ = U@+ Ungly® + Ugg?® + gz + Un2® + w2y ;
and A, B, C, F, G, H are the coefficients of its reciprocal, viz.,

— 2
4A. == 4%{/227/&33 - u23 3

4F = uguyy — 2upqtyg, . . .

31. The coeflicient of s in the above expression admits of an important transforma-
tion, viz., it may be written

0 0\? 0 0 0 0
4{u11 <7?'8§ —mé~z> +... 4+ u23<l§z— 7 8_x><mé;: - l—53~/> + .. .}u/b’,
and this (71), § 55, is identically equal to
— 4P (o4 my +nz), . . . . . . . . (38)

where P is the Pippian, or Cayleyan, of the cubic u.
Also (55)

16{(A7+ Fm + Con) 2% 4 (HI + Bm + Fn)gﬁ + (Gl Fm + (/n)g“}qu 24Ps

= — {(A’—l— 12A)a“+ 42 (F+ 12F)aarg»+ }(zx+ my +n2), . (39)
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6A’,... 61, ... being the second differential coefficients with respect to 7, m, n of
the reciprocal (v) of u, b%*°. . . ; while, otherwise, (21) § 21,

v= — 4 (AP 4 Bm? 4 Cn? + 2Fmn + 2Gnl + 2Him).

With these substitutions the equation to the locus of the CorEs-points on the pola1
lines of points in L, or lx + my + nz, takes the form

v =i — —{(A'+ 164) 0o ... 2 (F 16F)aa S §PLs = 0, . (40)

a cubic, degenerating into a conic when the line L touches the cubic %, which will be
traced further on (§§ 50~58) by referring it to the line L and the two tangents to s at
the points L= 0, s= 0. But previously it will be of interest to show the signifi-
cance of the part

vu—L2{(A'+16A)g;—'Z+. +2(F’+16F)aag' +. }/6 .. (41)

in the equation to »; and to add a few remarks on the relations (38) (39).

32. It is not easy to verify these relations by means of the invariants of (12) § 20,
because the variables which enter into them are perfectly general—except satisfying
ar + By + yz = constant. They are verifiable, the former with slight, the latter with
moderate labour by means of the canonical form of the equation to the cubic; but
much more readily by means of the simultaneous forms of « and s, to which every
form of u and its concomitant are reducible, referred to in §10. The verification is
therefore deferred until the reduction to those forms is explained in the sequel, and
will be found in the paragraphs cited.

83. The tangent to u at any one of the three points in which it is met by the
transversal L, being the polar line of that point, also touches the poloid s, the point
of contact with s being its CoTEs-point—viz., it is that determined on it by the polar
with respect to s of the point in which it meets L; or, otherwise, as the point in
which it is cut by the coincident tangent.

The general equation to the three tangents, at the points u = 0, L = 0, may be
obtained without the difficulties which would attend the direct investigation—hitherto
unattempted, at least successfully—through the property of their touching the poloid
also, as follows : the point of contact of one of the tangents being (x'y%’), its equation
is a

'
vy TY a Y ot az =0,
or, % being a cubic,

ot b
o 010 8 Pu 0*u o 0% ,, O

U ’ 82 —_
xé—f;;.+yag+ Poa T2y a+2 —a—y—{—Zché:é-é;.—O. . (42)
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But in virtue of its touching s also, if (xyz) is any other point on it,

yZ — 2y, 2 — a7, ay — yx’
must satisfy the reciprocal (§ 30) or tangential of s,

A& + B2+ CL +2Fnl + 2G¢¢ + 2Hén =05

e,
(Cy? 4+ B2 — 2Fyz) > 4+ (A2 + Ca® — 2Gzx) y* + (Bu® + Ay® — 2Huy)2?
+ 2(— Ayz — Fa? + Gay + Hex) 2’ + 2 ( — Bex + Fay — Gy® + Hyz) 22/
+ 2(— Cay + Fax + Gyz — H)w'y' = 0. e e e (49

The eliminant of these two quadrics (42, 43) with

l’ +my 4+ nz' =0
in the known form

{(be’ +be —2ff)P+ ... 4+ 2(gh'+ gh —af’ —af)mn 4. ..}?
—4{(be =P +...+2(gh—af)mn+ ...} {be —)P+.. 1} =0, (44)

1s, if
L = lz + my 4 nz,
(v + 4PLs)? — 16 P?LAs%
34, For
(be =P 4. .. + 2 (gh —af)ymn 4+ . .. = 36,
4{'c — )P4 ...} =4{BC=F)a*+ ...+ 2(CGH — AF)yz}(lx + my + nz)’
= 4 (Discrt. of s) L
= P*L% (27).
Hence
4{(be =P+ ... B =P+ ... }=36PL% .. (45)
Observing now that
0% 0% 0% \? s O 0% 0%
4S50 <a7a) A = ey T e

it appears at once from (30, 31) § 24 that—substituting s for ¢—
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4 (Cy* + B2 — Fyz) = duys — <g;> ..

0Os Os

4(—-Ayz—-Foa2+Gmy+sz):Zu%s—é;/é;... ,

so that
4 (b’ +be—2ft) P+ ...
» o o
=4s {( 3382: + g a:; ”zs%) P+..

& > > o
+( 2y g5 = s g, + e s “12aa>m”+ }

0% [0s\2 . 0% /0s 0% Os Os
{56 56 —aman)t-

P _Qs Os _ @fg os\? 0% 0Os 0s 0®u Os 0s
- {"axzayaz ag,az<ax ayama@(y+axaja4ax}

®u/ Os Os 0%t 88 os\/ Os Os
=us( 3= {5ng —me) o b2 (E ) 1)+ )

the negative term in which being the result of substituting » 9s/oy — m dsfoz for «’. ..
in

21 P

G TR

is (§30)

— 605 . . ... (46)

consequently, (45) (46), sixteen times the eliminant (44) is

0 0\? 0 0 0 0 2
[_ 5”+43{u11<"87/—m§;> +...+u23<lé;—'na—x><mam Za?)—l—... }u:]

—5T6PLAE=0. . . . . (47)

As was mentioned, (38), § 31, the terms multiplied by 4s within [ ] in (47) are

equal to
— 6PL,

so that the eliminant is simply, after division by 36,
(v + 4PLs)* — 16 P23 = 0

or .
v (’U + SPIJS) =

MDCCCLXXXVIIL—A. V/
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35. The presence of the factor v in this result is accounted for by the fact that the
solution has been really that of the more general question: “to find the locus of the
Corgs-points of all chords of u (velatively to their intersections with L) which
touch s”; discarding, therefore, this factor, the equation of the tangents to u at the
points

uw =0, L=le+ my 4+ nz =0,
is

w=v-4+8PLs=0. . . . . . . . . . (48)

Reverting now to the form (40) of v, in which

the equation of the three tangents to u at the points
u =0, le + my 4+ nz =0
is found in its standard form ; viz.,

o =vu — LS { <agz 1+ 48 22;) g%; + 2 <8n 5+ 48 (21‘9 a;g }/36, . '('4,9)

wherein &, 7, { are to be replaced in v and its second differential coefficients by 7, m, n.
36. Tt will be satisfactory to verify the general expression for the satellite chord of
L by applying it to the canonical form of u, for which CAYLEY has obtained the form
referred to in § 6.
For
uw=ax® + by® 4 ¢z + 6exyz,

52— = Bb%P* — 2(abe + 16¢%)(cm®l + bnl) — 48bce*Pmn — 8(abc + 263)6')%276”

L= — 462 + 32¢3(em®l 4 DnPl) + 48bee*lmm,

whence,

35 <a 2 + 48 ?;;) 222 = {abe(bel* — 2cam?Pl — 2abn®l) — 8(abe + 2¢%)aem™n?}x. .. (50)

Again,
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= — 8e*(bel* + dcam®l + 4abn®l) — 32(abe + 2¢)elPmn — 6(abe + 16€%)am®n?,

= 16¢*(bel* + cam® 4 abn®l) + 32(abe + 2¢®)elPmn + 8(abc + 8e¥)am®n?,

|
g
=
]
=]
Q
@

Py oo\ O ‘ )
26 < s+ 4887; g§> 5 g = {8e3(bel* — 2cam®l — 2abn®l) + 2(abe — 16€3)aem®n}x. .. (51)

j?rom (50) (51) there results, as the equation of the satellite chord of L,

(abe + 8¢%) 3, (bel* — cam® — 2abn®l — 6aem®n®)x; . . . . (52)

SOCIETY

which, if o =b =c¢=1, and e, [, m, n be replaced by m, a, B, y respectively, agrees
exactly with the form given in the *“ Memoir on Curves of the Third Order” (‘Phil.
Trans.,” 1857, p. 439).

87. The values of the second differential coeflicients of o and v used in the
preceding verification may be calculated from the formulee (10) given, § 19. Making
all the coefficients of u having suffixes vanish, u,, .. . g . . . for the present form of u
are found ; and thence 20%0/0€* = duylgy — Uys® . . . obtained. Next v, expressed
in terms of [, m, »n as line coordinates, is determined as

OF

—v=a(5i G ),
viz., therefrom it is found that
v = 3% — 2 (abc 4 166°) Sam®n® — 24eimn3, (bel’) — 24 (abe + 2¢°) elPm®n®.

Finally, the second differential coefficients of v may be found. And the value of v so
found affords an independent verification of the relation (i.), § 21,

A B

v=— 4o,

when in o and v £, 9, { have been replaced by /, m, n.

I may remark, in conclusion, that I first obtained the general form of v by considering
the question mentioned in § 35, determining in the resulting form (47) which of the
two factors represented v, which =, by examination of the special forms when the line
L and the tangents to s at the points L = 0, s = 0, were the lines of reference.
Subsequently, I observed the method of arriving at the general form of v given
§§ 80, 31, independently ; which completed the general proof in as simple a manner as
could be expected. _

88. The triad of tangents = = 0 reappear as a part of the complete solution of a

7 2

SOCIETY

OF
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question of considerable interest in connexion with the subject of this Memoir : what, if
any, pairs of polar lines of points on L are conjugate, in the sense of having a common
CoTEs-point ?
The polar line of the point «'y%" on L, viz.,
ow/ o/ ou’
Pow Tt A5 = 0,
meets L in the point

ou' ow . ou o ow ow’
() :(y): (&) =n Sy e :Zéz—, — g Mg — Layy o o (52)

Jy

and the condition plainly is that the polar line of (x) (y) (z) should pass through the
original point 'y, .e., that

(B o)+
when for (@) (y) (¢) in (Qu/dx) . .. the values just given in terms of &'y’ (52) are
substituted. The result is at once obtained by means of the general theorem, § 24
(and § 27) ; viz, it is simply '
ws =0,
with
le' + my + nz’ = 0.

Now, at the three points «' = 0, la’ 4+ my ~+ nz' = 0, [(«) (y) ()] plainly coincides
with (2’y’#’); thus each tangent to u at those points is a double conjugate line, which
accounts for the factor »’ in the result above.

39. The points
§ =0, l/ + my 4 nz’ = 0,

determine the unique pair of distinct or proper conjugate polar lines; viz., these are
the tangents to the poloid at the points in which it s met by the transversal L ; which
will be real only when L meets s in real points.

These two conjugate tangents to s and their chord of contact L form, as before
remarked, an unique triad of lines, to which the cubic » and its system may be con-
veniently referred, in questions involving s, v, and certain other concomitants of L and
u particularly, as will appear in the sequel.  Plainly the equations thus referred will
only be symmetric as regards two coordinates, however.

40. Through any point (#y”#”) in the plane of the cubic « and the transversal L two
chords of u can, in general, be drawn having it as their Cores-point, relatively to their
intersections with L ; viz., the connectors of (#%"7”) with the points (2'y’7) (.. .) In
which its polar conic meets L.

If (xy2) is any other point on one of these chords, then the coordinates of the
point in which it meets L, or
la + my + nz = 0,
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will be proportional to
n (22 — 2"w) —m (y'z—x"y) .
La” — L, Ly” — 1y, Lz — L',

or

and the substitution of these coordinates in

azu’ ’ P

a,l'//z + + 2?/za/a + O

gives the equation of the two chords in question, in the form

(L’ — L) ai‘,'; + ..+ 2Ly’ = L) (L — L") afé T

wherein L stands for lx + my + nz, L” for la” 4+ my” + n2”.
" The equation of that one of the pair which cuts L in the point (x'y’%") being

(y/ 7 / //) (Lm” L//w) + (/ x / N) (Ly” — L// ) + (./', V2 y/x//) (LZ/, . L”Z) — 0,
that of the other will be either 4

(y'z" , ”) a 79 (Lac" —_— L”’E)

N7 a 4 ' 8 71/” " ,
+ {(w . Z ) 2 + 2 (Q/ ,) axl/ ay//} (Ly —L/ 7/)
’ // ' ” I 8 ! ’ ”
{(y ) am//z + 2 (y - zy”) o Oz ,,}(LZ bl L Z\ == O . . (53)

or one of the two analogous forms obtained by interchanging «”, y” or &”, 2”.
41. The reciprocal of the equation (52) being, to a factor,

o 0%’ o A’ O o agu”
{ay//g évgfi - <ay// az//> }l + + 2 (az// o ax” ay// é“i};z ag 7 a //> mn + —_— 03

17 // ’7

if «"y"%” should be a point on the poloid s, the two chords having it as their CorEs-
point will coincide—as would otherwise be inferred from the consideration that any
point on s might be regarded as the point of intersection of two coincident tan en ts
—or become a “ double chord,” and its equation will be either

7 14 agu// " 77 ” azu”
(L — L")~ + (Ly” — Ly )a ,,a s+ (L = L) o =0, . (54)

or one of two analogous forms resulting from the interchange of «”, " or a”, 2”.
Otherwise, the equation of the double chord through (2”y"2"), a point on s is

ou’ 0\ ou”
QLDP/——— L” < ax//+7/ay//+ au)a = 0. . S (55)
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42. But considering a point (x'y’2") on L, the double chord through it is, plainly,
that connecting it with the point in which its polar line touches the envelope s, viz.,
this is the polar with respect to s of the Corms-point on that polar-line (§29). Tts
equation, thus considered, is therefore

0s Os s
() tolg) ) =0
with the coordinates of the Cores-point referred to substituted for wyz in (ds/ox)
(9s/0y) (0s/0z); those coordinates being (36), § 29, :
Wow _Wew  wor _waw  wow o
oy oy o T W o ooy
The resulting equation to the double chord is, therefore,

(83’ ow o5 8u> 0s <Bs’ ow 08 E)w’) Os (88’ ow  0¢ ow > Os

e T \ar ey Tavar)ay 5 =0. . (56)

\0w Oy~ Oy o’

oy o o oy

43. This being cubic in «'y?’, and of five dimensions in the coeflicients of w, its
envelope, obtained as the condition that lx” + my’ + nz’ = 0 shall touch the ternary
cubic in &'y, will be a curve of order 4 in ayz, of order 6 in Imn, and of order® 8 in
the coefficients of .

This envelope, as well as that of the complex of chords of u, connected with the
polar line of ‘a point on L by having their Corrs-points on it, but not passing through
its pole, will be more conveniently considered by means of special forms of s and «,
to which every cubic may be reduced.

* This would appear to be 20, but another form of the equation of the double-chord, into which the
coeflicients of # enter only in the second degree, may be obtained from that of s (8 bis) given in the
Note to § 22. Combmmg (i) and (iii) of that Note, the coordinates of the point of contact of the
polar line of (2'y's") with the poloid (D, fig. 1) are at once given as proportional to

W'y — w'gtly, W'y — Wy, w, — 'y,
respectively ; hence, the line joining this point with (2'y'z') is
o' (Du'y + y D'y + 2 Du'y) — Du' (wu'y + yu'y + 2u'y) = 0.
 But, if 6a ... 6f ... stand for Pu/de? ... Pu/dy Oz ...; N\, u, v for ym — Bn, an — yl, fl — am,
respectively, »
Du'y =N + pl + vy, Du'y =N+ pb' + vf', Du's =Ny + pf' +vd,
u' =a'u'] fy'u'y + 2uly, wu] +yuy Fews=aa+ ..+ 2%+ ..

while, since I’ + my' + ng' =0
dp—-y'v=2 (a%;- o) —y (Bl—am) =—1(az + By + qz') = —IA"; a'v —2'N=—mA"; y'A —a'u=—nA".
Substituting in (i) the equation of the double-chord (DE, fig. 1) becomes divisible by A’, and is

( e ou’ o aw> < , O u , O > < ou/ o' Pu azu gqi_ )

oy e )\ e Tyt ae) T\l a@>< oy TV e T oy

ou’ au Fu Fu O .
f<q;@a& Loy >< sty o 0e 829) 0. . . . . . . . (56bis)
— (Note added April, 1888.) :
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44. The question of the angle (#) between the polar line of a point (2'y’2") on L and
the “ double” chord of the pencil through that point is of some interest, as a generali-
sation of the question of the angle which a Newtonian ¢ diameter” makes with its
“ ordinates.”

The polar line being
ou’ o’ ou’
and the double chord (56)
AR A
(wy —a w)m="
what may be called the “ direction coordinates” of the two lines are (the angles of the

triangle of reference being 4, B, C)

o’ . o’ . ou’
87},‘: 1nBa?—-smAé?

o’ ou

. ow’ ) ] ! .
sin Oa—;, —_ s1nB§;, smAa? — gin C

and, using A" as in §20; A ... Hasin §30,

T ow o . ow [ oW ow’ ow’
z {(A_smA-p. gt (Hsind+ )50+ @sind+.. .)4;,—} —A <A o+ S+ 52),
: | Lo (L ¥ o

The angle between two lines whose direction coordinates are Auv, Mu'v’' is given,

generally, by

tan @ = 3 (w' — p'v)sin Bsin C/33N\'sin dcos 4, . . . (57)
and in the particular case now under consideration
) . / , ow'\? ow ow
tan @ =sin A4 sin Bsin O[U’E(Asmﬁl +.. )g% —A {A<B%> +...+ 2F8_Z’ é:i,+ ‘e }]

+|l:{(AsinA+ .. )g—;f,:-{- (Hsind +.. )%

+ (Gsind + .. .)a:":}zx’sinAcosA<si11(7% —sinB %Z;)

, ow | . o0u ow'\ . .o L o
—A 2<A5§:—,+H8§/‘,+G§$>SIDACOSA <s1n0§;i,-—smBé—z7>:‘ . . (58)

45. If «”y"2" is the point of contact with its envelope, the poloid s, of the polar
line of a point «'y’2" on L or
le + my + nz = 0,
from the forms of the equation of that polar line it is evident that
08" 0" o0 o ow o

O - M A A M
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whence at once z”, ", 2 are given in terms of x4z’ by

4 a4 4

@ : Y : 2

ov’ 4 o/ o/ ou’ o’ ou’ o/ ou'
“A§E+H37+ Grr:Hz  + Bé&—, +Fa Ga}v’ +F87+Cé-z7, . (59)
A...2F ... being the coefficients of the reciprocal of s.

Jonversely, if @, 4/, 2’ are to be expressed in terms of z”, ¥
coordinates of the point common to the two conies

’r

, 7', they are the

G 0u_ 0 _ dedu_dodu_ dedu_
0z 0y oyodz  odmwode

and the line
lx + my + nz = 0.

46. But the point «y’?" is more readily determined by the double line of the pencil
of chords through that point, having their CoTes-points on the tangent to the poloid
at @, y, 2, which has been shown to be (54)

821 [’// ag %”

// 123 ‘7 1" V azu,/ Y4 7

At the intersection of this and L

P! o*u” P
ComtYgast2a .= 0.
ox 0z oy o7’ oz
giving
~ 7 ra ’
@ : Y : z
T u P o’ o I 0%y’ .
=n o’ ay// —m " az/} R —n o " m ) - o’ ay// ? . . (60)

or either of two other analogous sets of values,
47. Thus, when L is taken as z = 0, and
uw=ax’ + by’ + ¢z* + 3¢’ + 3ty + Gexyz,
s= — % + abuy,

of the coefficients A ... 2H of the tangential equations of the poloid s, all vanish

except
4C = — o®?, 4H = 2abe?;
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giving for the point of contact of the polar line of (x'y/0)
a oy’ = bey’® : aex® 1 — abx'y’; .. .. (61)

and conversely
¥y =—e' ax =by’": —e. S (62)

IV. Specian Forus oF Cusic anp Poroip.

48. T now treat some of the questions, hitherto considered without reference to any
particular form of u, in more detail, by means of special forms in which the line L is
used as one of the lines of reference--say

L=nz=0; . . . . . . . . . . . (63)
and for the two other lines of reference I take 1st, the tangents to the poloid s from
the pole of L, as

The conic s is now (10) § 19—n? being dropped—reduced to

(a3bg — €))2* + (ab — ayb))xy = 0,
with the conditions

aby—a =0, . . . . . . . . . (i)
boy—b2=0, . . . . . . . . . (i)
bag + aby — 2be=0, . . . . . . . . . (il)
aby + ah, — 206 =190. . . . . . . . . . (iv)

From the first and second of these,

ay(ab — ayh,) = 0,
whence

since ab — ayb, = 0 is excluded by the form of s.
Hence, from the second

and from the third and fourth

MDCCCLXXXVIIL.—A. 2 A
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since b = 0 or @ = 0 is excluded by the form of s, now reduced to
= — e+ abxy, . . . . . . .
and v is reduced to the terms
ax® + by® 4 c2® + 3¢ + ety + Gexyz.
49. The line 2 = 0 meets » in the points
r—at, xiy=9b:—Yd, wx:y=90:— 34

(9, % being the imaginary cube roots of — 1, so that

I+ Y =1, =1 PR=—9, P=-=9 RN4+92=—1)

and the tangents to » at these points are

aibie + a*bly — 2ez,
Jaibie + Y atby + 2ez,
Y atbix 4+ Jaibty + 2ez;

the common equation to the three being, by actual multiplication,
a®ba® + ab®y® — 8e%® + 6abexyz = 0,

or, restoring lapsed factors,

w = a2y — {3a?bicntc + 3a*bPemty + (a*bent 4+ 8abePnt)zin? = 0.

Further, the same equation may be thrown into the form

w = a*b’nb (aa® + by — Zeabyz) 4 8aben? (— €*n%? + abn’zry)nz = 0.

50. The tangential equation of s is now simply

C® 4+ 2Hény = 0,
where
4C = — a*b*n?,

4H = 2aben*.

(64)

(65)

(66)

(67)

(68)

(69)
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The general value (37) § 30, of v, the Cotesian of L, now reduces to

v = — (ax® + by® + ¢2® 4+ 302% + ey + 6exyz) (— ab?nf)
— 0% { — a®b®nt (¢, + cyy + cz) + 20be*nt (ez)}
+ 2nz{ — a®b*n® (c2® + 2¢,2x + 2c4y2) }
+ 2 (e*n2® + abn®ry) 2 (— abn®) ezn?,

A A

SOCIETY

OF

A A

SOCIETY

OF

re.,
v = a®bnb (ax® + by — 2exyz), . . . . . . . (70)
a cubic having a node at the pole of L (now z = O) with respect to s, the tangents to
s being also the nodal tangents of the Cotesian v.
51. The comparison of the equations (69) (70) of = and v verifies the relation,
(48) § 37,
w = v+ 8PLs,
since, in the present form (65) of u, the Cayleyan P, for the values of the line
coordinates ! = 0, m = 0, is simply
P=aber®. . . . . . . . . . . (7]
52. Eliminating y and x successively between
v = ax® + by® — 2exyz = 0,
s = — %+ abaxy = 0,
there result
(0®ba® — €%*)? = 0,
(b — ¢%8)? = 0,
showing that v has triple contact with s; viz.,, when the loop of v is real it touches s
at the point '
xry:z=(a?b)F: (al®)F: e
or at the point determined by the real lines, or any pair of them,
(a?b)x = (ab®)y = ez
Now, making z= 0 in » and v, the points in which L meets these cubics are
determined by
ax® + byd = 0,
the real one being
ale 4+ by = 0,
2 =20,

2 A 2
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so that the connectors of the pole of L (with respect to s) with this point and the point
of contact of v with s are harmonic conjugates relatively to the tangents to s from that
pole.

53. The polar line of P (x'y'0), a point on L, meets the Cotesian v in three points
(say, D, its Cores-point) and two other points (say, D, D,), while it touches the
poloid s in a point D.  Now D, is also the Corrs-point on this polar line relatively to
the point D and the cubic v: to prove this—

The coordinates of D are, (59), § 45,

wryz=bey?: aex®: —abxy’, . . . . . . (72)

and
v ov Oy 3 _ ,
IR Sax? — 2eyz : byt — 2ezz 1 — 2exy . . . . (73)

becomes, for those values of the coordinates of D,

O S
oz ' oy ' 0z
= 3by" 4 202y’ Sax’™ + 202y 1 — 2ex?y?; . . . . (74)

viz., the v-polar line of D is

3 (a® 4 by'®) (y'e + «'y) — 'y’ (axx 4 by’zy + 2ex'y'z) =0; . . (75)
but
ax’®e 4 by*y + 2e’y’z=0 . . . . . . . . (76)

is the u-polar line of (x'y'0), and
ye+ay=0, . . . . . . . . . . (77

the s-polar of the same point, cuts it in its Cores-point, D, (85), § 28. Thus the
three lines (75) (76) (77) meet in one point (D), and this is the u-Corrs-point
relatively to P, and the v-Corrs-point to D of (76); whence

or

as verified very exactly in figs. 2, 3, i.e., the CoTEs-point on the polar line of « point
in L is harmonic-conjugate to its point of contact with the poloid of L and w relatively
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to the two other points in which it meets the Cotesian v; and is thus discriminated
from them, when all three are real. If one only is real, that of course is the CoTEs-
point.

54. The general form given above (49), § 35, for the satellite chord of the line L,
may be verified from the form it takes for the present one of u (65), the reciprocal of
which—as far as the terms giving those which do not vanish in its second differential
coefficients for ¢ = 0, p = 0, { = n—is

v = a®D*{® + 6ab%,(*E* 4+ 6aPbe,(*n® — 24abe?tén ; .. . (78)

viz,, for those values of & 7, ¢,

& %}2 = 2ab%;nt,
2
& g{ = 20*beynt,
€ g_é,; = 5a*b?n*,
PR = — 4abe’nt;
6 0g oy ’ ’
while the reciprocal of s (= — €%%+ abxy) being now
4o = — a?bn' + dabe’n'éy,
8 7 97,24
agg — 40”b*nt,
Po g ibetnd
885817 = 8abe’n*.
Also _
2 82 a
%—w’tg = 6aw, ‘a—zg = Gby, \ a I; =6 (clw _i___ ng + 074)
0w 0%y __Q_"_"_, _ )
0wy bez, Row 6 (ey + ci2), oy — 6 (ex + c2).

With these values of the second differential coefficients, which do not vanish, for the
present forms (64) (65) the satellite chord of L, or nz =0, is n* multiplied by

(2ab%, + =) aw+ (20°be, + ) by 4 (50°0° — 4a%%) (e + oy + c2)
+ 2( — dabe® + 8abe?) ez + (¢ + x) (ey +c2) + (x + *) (ex + cy2),

or, identically,
3a?b?c,x + 302y + («*b¥e + 8abe®) z,

which agrees with the form in = (68).
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55. What has preceded is, substantially, a verification of the relation (39) § 31 ;
but, to make it more clear, observing that the only one of the coefficients A ...

F ... of the reciprocal of s which does not disappear from the sinister of (39) is C, in
the term
96Cn o _ 240200’ (8¢ + 6¢y2¢ + 6eyyz + Gexy),

Oz
£

and adding to this
144Ps = 144aben® (— e*n®® + abnixy),
that sinister becomes

— 720z {208°n"c,x 4 20°0°nteyy + (a*D*n'c 4 2abePnte)z}.
Again, the dexter is (L being now nz)

— nz {(12ab% n*) 6ax 4 (120°begn®) 6by 4 (300*0*n* — 18a*D*n*) 6 (e + cyy + c2)

+ 2 (— 24abe®n' 4 36abe?nt) 6ez},
or, identically, also

— nz {14400 n*(cix + cy) + (720*D%'c + 144abe®nle)z}.

Lastly,
4 2_8_232, 6
— Ay, ag// ’

the only term in the sinister of (38),

= — daben*z = (71) § 51, — 4PL.

56, It has been shown that v and % meet the transversal L in the same three

points (§ 52),
am3+by3=0, 2=0,

of which one only is real when the line L meets its poloid s in real points, the condi-
tion of the lines of reference =0, y = 0, at present used, being real. That this
would be the case appeared from the fact that the discriminants of the cubic (12) and
quadratic (13) § 20, whose roots are proportional to the intercepts of L between a
certain point on it and its intersections with » and s respectively, are of opposite
signs. . . ,

57. The tangents to v at the points in which it is met by L are plainly obtained
from those to u at the same points, by changing e into —¢/3 ; viz., they are (66)

Baibte + 3aibly + 2e2=0 . ..
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eliminating z between this equation and v, the result is
(e + b¥y)® = 0,

viz., the points in which » is met by L are points of inflexion on v, as was manifest
from the form of its equation. When the node of v is real, only one of these points of
inflexion is real ; but if » is acnodal, all three will be points of real inflexion. Thus
much is known of v generally. In Plates 7, 8, it is figured for two cases when L is
the line at infinity, as will be further described.

58. The coordinates of the CoTEs-point on the polar line of (x'y0)

ax®x + by?y + 2ex’y’z =0
may be found as those of its point of intersection with
yz+ 2y =0,
the s-polar of (x'y'0) ; viz., they are
vy iz= — 2ey  Bexy sax®—by®; . . . . . (79)

or, what is the same thing (36), p. 165,

The double chord (56) §42, through (r;:'y'O) is determined as the polar with respect
to s of that CorEs-point (79) on the polar line of (x'40). Its equation is, therefore,

abxly' (— y'x + x’y) + e(ax”® — by"®)r = 0.

Arranging this as a binary cubic in «y/,
aezx”® + abyx®y — abxx'y? — bezy®=10, . . . . . (80)

the discriminant will be the envelope of the double chord as the point (x'y'0) varies on
the transversal L, viz.,

3w = 4ab (ax® + 3eyz) (by* + Beaz) — (abxy — 96%*)* =0, . . . (81)
or, developed,

w=a®b*%*y® + datbex’z + dab’ey®s + 18abe’uyz® — 27¢% = 0.

59. If the first derived of the cubic (80), i.e.,

Bex'™ + 2bx'y'x — by*x = O,} (52)

ey’ + 2aa’y'x — ax’y = 0,
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are combined, the coordinates of the point of contact of the double chord with its
envelope will be obtained in terms of those (x'y') of the point on L, through which it
is drawn, viz., eliminating z between the equations (82), the point of contact is deter-
mined by the line '

(202 + by®)y'x — (ax”® + 2by") a2’y = 0. L. (83)
The intersection of the double chord with L lies on the line
Ye—xy=0, . . . . . . . . . . (84)
and its two intersections with the poloid on the lines

by — ey =0, . . . . . . . . . (85)

ar®t —by*y =10, . . . . . . . . . (86)

the latter being its Corrs-point, viz., the point of contact with s of the polar line of
(@, v, 0)—(61), § 47.
Now these four lines through # =0, = 0, form a harmonic pencil, since, writing

(84) (86)

Yo —a'y=p,
. aa*x — by*y = q,
[giving
(aa” — by®) & = — by p + a'q,
(ax® — by®)y = — aap +y'q]
then (85) :
byt — ax™y = (@’ — Vy)p + (by”® — ax®) 2’y q,
and (83)

(2ax” 4 by®) y'x — (2by® + ax’®y o'y = {(— 202 — by®) by® 4 (20y"® + ax™®) ax’®} p
+ {(202” + by®) o'y — (2by* + ax®) 'y }q
= (% — 1) p + (a2 — by &'y q

viz., the later pair are harmonic-conjugate with respect to the former pair p, ¢. Thus
it appears that the CotEs-point on o double chord, and its intersection with the line L,
are harmonic-conjugate points with respect to its second (or ““empty ”) intersection with
the poloid s and its contact with its envelope w, as stated, §7. This is shown in
Plates 7, 8, in the case in which L is the line at infinity, by D being the mid-point
of CC..

60. Returning to the equation (81) of the quartic w, if y and @ be alternately
eliminated from either


http://rsta.royalsocietypublishing.org/

%

a
A
1~
A B

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

JA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

MR. J. J. WALKER ON THE DIAMETERS OF A PLANE CUBIC. 185

ax® 4+ 3eyz = 0, or by? + ez = 0,
and
abxy — 9e%* = 0,
there result
a*ba® + 27¢%% = 0,
ab®y? + 27¢%° = 0,

showing that w is a tricuspidal quartic, two of the cusps being imaginary when the
line L meets the cubic % in one real point only, the real cusp being at the point

x:y iz = 3eb":3eat : — atb
on the line
arr — by = 0,

which is the cuspidal tangent, and is harmonic-conjugate to the connector of the s-pole
of L and its real vntersection with u, relatively to the tangents to s from that pole.

The curve w is shown in the figure, Plate 7, in the case when L is at infinity and
the cubic has a single real asymptote.

// /s

61. Through any point «"y"%” on the polar line of a point #'y’z" in L, two chords of

111t

u pass which have the first (9@ y"'2") as their CoTEs-point ; viz., the chord which forms
one of the pencil through «’y’2" and the other (53), § 40 the line,

Py — ) (L — L)
o*u ) 2 % ' il z 7
+ {_ axuz(zx ) + 275= //8//(7/ ) } (Ly - L Q/)

{ 8;@/;( 7 , ”)"l' 2 //a ( - Z/y'/)} (Lz" — L//z) = 0,

x"y"Z" being subject to the relation

,,E)u, ,,au ,,au
Vo TY T =05

and the envelope of this line, or “alien” chord, may be found for any assigned
form of w.
In the case when Lis 2= 0,
s = — 6%* + abay,

u=ax® 4+ by® + c2® 4+ 3c,2% + 3¢,2%y + 6exyz,
&n o1 0w w 0*u

1 — —
ga = ax , *gam,,ayj =ez,
MDCCCLXXXVIIL —A. 2 B

77

§ e = Y

G
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and
au/ a’lb Ve au’ 7 7
%é‘x’z ax’®, %527_—_ by, %é—/ = 2ex’y/,

since
7 = 0.

The equation of the “alien” chord is then simply

ax 2"y (z — az”) + (ax? ' + 2e2"%) (zy” — y2") = 0
with (76) '
am/zm// + by/gyll + zem/y/z,/ — 0’

in virtue of which the equation of the ““alien” chord reduces to

1 /s

aw’e (a2 — z”") — by'y"(y2" —2y”y=0; . . . . . (87)
the envelope of which is
ab (y'w 4 «'y)* + 8e (axx + by*y 4 2ex’y’z)z =0, . . . (88)

a conic touching the line L at the point which is harmonic-conjugate to (2'y'0) with
respect to the intersections of L with the polo{d s; and touching the polar line of
(2'y’0) at the point in which it is met by

Yo+ 'y =0,
viz., the point '
xry = — 2ex®y : 2ex’y”® : ax’® — by,

v.e., at the CoTEs-point on that polar line (79), § 48.

62. The conic envelope just found may be called the ¢ satellite-conic” to the polar
line of 2'y’#.  Of course, this conic touches also the double chord of the pencil through
2'y’0, since it is at once an “ alien” and a proper chord of the polar line of (x'y'0).

Arranging the equation (88) to the satellite conic as a quadratic in a'y’ it is

a (by® + 8exx) 2® + 2 (abxy + 8€%%) &'y’ 4 b (aa® 4 8eyz) y? = 0,

giving at once, for the envelope of the system of conics satellite to the complex of
polar lines of the points on L, the quartic

ab (ax® 4 8eyz) (by® + 8ezxr) — (abxy + 8¢%%)* = 0,
which developed is
8ez (a?ba® + ab’® — 8e%® + 6abexyz)=0; . . . . . (89)

viz., the envelope of the satellite conics is the system of four lines L and the tangents
to  at the points L= 0, u = 0 (67), § 49.
The explanation of this is that at the point of intersection of the polar line (76)
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with one of the tangents (66), that tangent is itself the “ alien” chord for that point :
for (76) (66)
ax’®x” 4+ by'*y” + 2ex’y’?” = 0,
afbie” 4 afbty” — 2e7” = 0,
give
x iy i = —2bfey : 2afex : ¥bH (b — DY),

and the substitution of these values in (87) gives for the “alien” chord, after dividing
out the extraneous factors 2abex’y(a’x’ — b%/), simply

@b 4 aibly — 2ez = 0 ;

' viz., the tangent to u at the point @:y: 2= b*: a*: 0.

Thus the system of satellite conics is inscribed in the quadrilateral formed by the
line L and the three tangents to « at the points in which L meets it. A satellite para-
bola is shown in Plate 8, when L is the line at infinity.

63. The tangents to s from the pole of the transversal L being real only when L
meets the cubic » in a single real point, it is desirable to use as lines of reference
another pair in connexion with L, which shall be real in all cases for purposes in which
their reality is essential. ‘ ’

Consider the connector of the pole (C, fig. 1) of L (z = 0) with a real point (A) in
which L meets u, taking it, say, as y = 0; and let the s-polar of the point z =0,
y = 0, be taken as the third line (BC) of reference, « = 0. The equation of s is then
reduced to the three terms, remembering that still = 0, m = 0,

(b, — a?) 2+ (bay — 02 y* + (agbs — )2 =0, . . . . (90)

since the triangle = 0, y = 0, z — 0 is self-conjugate with respect to that conic;
and as conditions for the terms yz, zx, xy disappearing from its equation

bag + agbs = 20.e,)
o&b—l—ccsl._Zosze}L B (29

ab_az 1—-0

But since the equation of the three tangents to « at the points

1s now of the form
ku — kK'2* =0,

and one of them passes through the point

7 = 0, z2=0,
2B 2
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the term #* must disappear from u, or
o =0,
which (91) necessitates either
ay,or b, =0;

but the supposition @, = 0 would imply a second of the tangents to u at the points
w =0, z= 0 passing through the point ¥ = 0, 2 =0, so that

b, =0,
and therefore, by the second of the three conditions (91)
e=0;
whence, by the first,
b:ay= —bg:as . . . . . . . . . (92)
64. Thus the equation to the cubic is reduced to the terms
by 4 c2® + Bagw®y + 3aza® + 3bgy*z + 82’ + Bty =0, . . (93)
with the relation (92); and (90) the poloid to
$fn* = — a,20® + bayy® + aghy?® = 0,
or T 1)

bay® — ¥ + bs*% = 0,

the reciprocal of which is

A@+ B4 Cp, )
where
A = bayabgn* = — a*bnt,
B = — afasbnt = baant, . . . . . . . (95)
C = — bay’n?,
or
A:B:C=agby:as®: — ay. )

65. For the above forms (93) (94) of » and s, the values of their first differential
coefficients, with the coordinates (2y'0) of a point on L substituted for ayz, are

O0s Os 0s , , 3
é;;:a—y—,:sz,z—agw:bylo, I  96)
ou oOw Ou 70 9 /2 ) o I} o (
oy o = 200y 1 bY? et s agp® o by 3
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giving (86) for the Cores-point on the u-polar line of that point

12/

w1y 2= bagty’ + bbgy"® : gk 4 anbgy’*x’ : — afx’® — 3bagy .. (97)

The values give
v=by 4 Bagr’y — ag — bz =0 . . . . . . (98)

in virtue of the relation (92)
bas + aby = 0 ;

viz., the above is the equation of the Cotesian for the form (93) of  now used.

66. The Cotesian v for the forms of u and's at present employed (93, 94) has been
found quite independently of any application of the general equation (87) given
above ; but it may be of interest to test the general formula by this result.

The only terms in the general expression which do not disappear in virtue of

{=0, m =0, F=o, G=0, H=0,

are four times
2

12 Pu %y 0 2L ou

o

-+

s u 0% u\
E(u%é}c? + gy 87/2 —_ uwm> ne,

which, taking the values of u, s, A, B, C (93, 94, 95), for the present case, is identi-

cally equal to four times

ba®n® (by® + ¢2® + o,y + Bage® + 3bgy*z 4 30,27 + 3cty)
+ 1222 { — bayasbynt (agy + agz) + agtasbgnt (by + bgz) 4 baint (cyx + ¢y + c2)}
+ (— % + bagy® + ashy?®) n* {bagn® (agy + a52) + (— a’n®) (by + bs2)}
= bay,®nS (by® + Bagx’y + absa®z/b + bagy*z/ay).

Rejecting the factor bay®n®, and applying the relation (92),
COby/b = — a3, or bagla, = — by,
this result is, as before (98); or, with the rejected factors restored,
v = (by® + Bax’y — agx*z — by*) X 4balin®, . . . (98 bis)

a cubic having a node at the point
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viz., the s-pole of L or z = 0; the nodal tangents being

. age? 4+ bgy? = 0,
or (92) Y (1))
o — by® = 0.

The node, therefore, will be real or unreal, as a,, b are of the same, or unlike signs.

67. Since, now (94)
§ = — % 4 bagy® + agbs2?,

it appears that the nodal tangents (99) of v are the tangents to s at the points
§=0, L, or z=10, and will therefore only be real when L cuts its poloid in real
points, as shown before (§ 50).

The transversal L meets the Cotesian v, as well as the cubic u, at the points

z=0, y =0, z=0, by + 3aw® = 0, . . . (100)

which last two will be real only when v is acnodal, or when L does not meet s in real
points.
68. The tangents to

w=by® + 2 + a2y + a2 + 3byy* + 3c2% + ety
at the points v = 0, L, or z = 0, are (48)

w=v -+ 8PLs
if, as just above,
vd=— AP+ .. )ut...;

viz., in this case, then,

w/4 = bay®n® (by? + 3o’y — agx®z —byy*)
— 4bagagn®nz (— ay*n*a® 4 bagnPy® -+ asbyn®2?)
= bay,’n® (by® + Ban®y + 3agx®z + 3bgy’z — dabtla?), . . (101)

since, for the above form of u, with § =0, 9 =0, {=n,
P = — 2ba,aqn’. Coe e e (102)

Now, the terms within brackets in = are equal to

or

(by — bgz) (b + 8baya® + 4bbgyz + 4b,%%)/b* }
103)
(by — bgz) (by + +/ — 3bayx + 2bgz) (by — /' — 3baye + 2by2)/b%
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which factors may be identified with the three tangents to » at the points u = 0,
z=0; viz., the points

z2=0,y=0; z=0,3/=:i:\/—30&2/bw.

These will be real points only when ba, are of unlike sign; #c., when L does not
meet s in real points, and v is acnodal.
69. The Cotesian (98)—discarding the factor 4ba,’n’—

by® + B’y — azx*z — by =0

and the primitive cubic « (93) are plainly intersected by L, or 2 =0, in the same
three points, and the tangents to » at these points will be derivable from those to u
by changing therein

8ag into — ag, 8b, into — by ;
viz., their equations are

3b baz = 0,
Y + by } (104)

4 34/ — 8ba, % + 3by — 2bz = 0. |
70. The equation to s (94) being
— bagx® + by® — b%? = 0,
shows by its form that the tangent to u at the point

(Lor)z=0, y=0,
viz., the line (108)
by — bz = 0,
or
Ay + ag = 0,
touches s at the point
x:y:z=20:0;:0

71. Again, throwing the equation to s into the form

3s = — (U + 3baga® + 4bbgyz + 4b.%%) + 4b%* — 4bbgyz + b2,
= {— 30 (ap2® + 8by®) + 4 (2by + byz) (by — bs2) } + (2by + bse)?,

the terms within brackets being (103) the tangents to u at the other two points at
which L meets it, it appears that these lines touch s on the line

20y +0z=0; . . . . . . . . . (105)
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w.e., at the points determined by it, and

a4+ 3by*=0, . . . . . . . . . (106)
the polars of those two points of the three common to L and w.
For these points are determined (93) by (z = 0) and
Bagx® + by* = 0,
or
x:y:z=0b:4+/ — 3ba,:0,
the polars of which, with respect to (94)

g7 4 by — aghgr® = 0,
are
0621796 +0b \/*:-37@3/ =0,
or
ag2® + 3by* = 0.

72. The equation of the double chord (§41) of the pencil through «’y’2" on L being

enerally (56
8 Y ( ) < :6§ a“a ?u Os ou 0,
aw<az’aJ oy 8”')

is, in the present case, from the values of the differential coefficients given (98), § 65,
(ag2’® — by®) (y'w — «'y) + (Bbyy'* — agx®)a’z=0, . . . (107)
or, arranged as a binary cubic in 'y,
— (ogy + agz) x° + agexy’ + (by + 3bg) x'y’® — bay’® = 0.

The discriminant of this last form gives the envelope of the double chord as the
point 'y describes the line L, or z = 0 ; viz, it is

3w = da,’x® (20y — 3bg)?
— {a%® 43 (agy + agz) (by + 8bg) } {3bagx® + (by + 8bg2)*} . (108)

or
3w = — 3ba, (ax® + 3by?)?
+ 2a, (agx® + 3by*) (20y — 80g2)® — 3 (200y — ag2)(20y — 3bg2), (109)

in virtue of the relation (92)
ba2 = — 00363.
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The former value of w shows that the polar of ¥ == 0, z =0, one of the three points
common to L (z=0) and u, viz,

x=0,
is the tangent at a cusp at the point

r=0, by+3bz=0, . . . . . . . . (110)
the tangent meeting w for the fourth time at the point
x =0, ayy + apz =0, orby —bz=0. . . . . (111)

73. Now, since any real intersection of L and % might be taken as the point y = 0,
z = 0, 1t follows that when these three intersections are real there will be three real
cusps to w, the cuspidal tangents being the polars, with respect to the poloid s, of the
points common to L and .

This is shown, independently, for the two intersections of L and u other than
y =0, 2= 0, by the second form of w, which gives simultaneously (109)

1,07 + 30y = 0,
(ay2® 4 3by?) } (112)

(20y + byz) (20y — 8byz)* = 0 ;

of which the former has been shown to be the (square of the) s-polars of the two
intersections in question (106).

74. It is plain from the forms of w that the triad of coordinates (110), (112) satisfy
the first differential coefficients of w; in fact these are

g? = — da’x {20 (a2® + 30y") — (2by — 3by2)*},
ow R . ‘ .
5;} = 4bay {a,x® (by — 6byz) — y (by 4+ 3042)*},
= 4bay {(aa® + 3by*) (by — 6byz) — y (2by — 3Dyz)?},
al’) .

5, = 4oy {3&021)909 + (by + 3b3z)‘3}v(2()y — 3by2),
— day {30 (ayc® + 3by) (20y — 3byz) — (4by + 3byz) (20y — 3b,2)*}.

Also
= 407 {— B0 (s by?) + (2by — 3b)?),
20 5 )
ooy = 8asbx (by — 6bs2),
avdg; = — 24(5391)393 (‘Zb!/ T 3b3) >

MDCCCLXXXVIIL.—A. 2 c
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giving for the cuspidal tangent

Bzw 0P

Tous T Yoy + é?‘éi‘f 0

a2

when in a—% . .. are introduced the values @ = 0, by = — 3by,
&L
r=20
asin (110); when the values a%x* = — 3by?, 2by = 3bg,

agx 4 v/ — 3aghy =0

as in (112) above. The same values substituted in the second differential coeflicients
will be found to make

Fuw P (Fw_
o 02 <8y az>

75. Considering the intersections of w and s, the elimination of «? between their
equations leads to B
(40%y® — 3bbg*yz® — b,*2%) 2 = 0,
or

(by — bg) (2by + bg)’z=0. . . . . . . . (113)
Referring to the equation of w (108), § 72, it appears at once that

agly + gz = 0,
or (92)
by — by =0,
gives
2 =0,

viz., the tangent to u at the point y = 0, z = 0, (103), § 68, touches w at the point
xry:z=10:0b5:0,

in which w meets s; and the same line has been shown (§ 70) to touch s at that point.
From this it would follow at once that the other two tangents to u, at the points
L or z= 0, u = 0, touch both w and s at the same points; but this is shown by (113)
above, since w and s appear at once from it to have double contact at the points in
which s is met by the line

2by 4+ bz = 0,
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which has been proved (§ 71) to be the chord of contact with s of the two tangents

referred to
: 8bayx® + (by + 2b52)* = 0.

76. Generally then, when the transversal L meets the cubic u in three real points,
w the envelope of the double chords of pencils of lines through points in L, is a
tricuspidal quartic having triple contact with s, the poloid of L, at the points in which
it is touched by the three tangents to « at the points L =0, u = 0; the cuspidal
tangents being the s-polars of those three points; and the fourth pair of points
common to w and s lie on the line L.

In Plate 8 the envelope w is figured for the case of L being the line at infinity
and the cubic # a modification of the OCissoid, as more particularly described
below (§ 91).

The property of the double chord touching w in a point which is harmonic to its
second intersection with the poloid s relatively to its CorEs-point and intersection
with L, has been proved in § 59 by the use of other lines of reference, with the reality
or imaginariness of which it is, plainly, unconnected.

77. When L touches u, it and the tangent at the point where it again meets the
cubic being taken as

z=0, y=0,

and their chord of contact with the poloid s as
=0,
the equation of the p;)loid (10) is reduced, since / =0, m =0, to
(db1 — a?) #* + (bag + aby — 2bie) yz = 0,

the conditions for which are (¢b.)

Z)ag - b12 = O, . o e . . . . . (i.)
asby —e* =0, . . . . . . . . (i)
aby + asb, — 2ae =0, . . . . . . . . (i)
ab—ap,=0. . . . . . . . . (iv)
But since y =0, z=201is on u,
a=0;
therefore, by (iv.),

. bl = O:

since a, = 0 is excluded by the form of s ;
2c¢2
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therefore, by (i.),
b=0,
and by (iii.)
e=0;
finally, by (ii.) _
‘ ay = 0,

since by = 0 is excluded by the form of s.
Thus, it appears that the cubic % and poloid s are reduced to

w= e 4 3ayx’y + 3byy* + Bc®x 4 ey, . . . . (114)

s/P=—a?® +abyyz. . . . . . . . . . . . . (115)

The form of u shows that = 0 passes through the point in which z = 0 touches
it; or the poloid touches the cubic at the point of contact of the transversal L.
78. The coefticients of the reciprocal of s which do not vanish are

4A = — a?bnt,  4AF = 2a,5bgnt;
which values, with 7 = 0, m = 0, give (37), § 30 (dividing out «%),

v=— 2 {— a?blayy + 4a,°bs(bgy + c)}
+ 22{2a,°b(0y2® 4 c2® + 2byz)}
+ 4(— a)%8® + agbgyz) (— a’bse)
= abyz(8agx® + bgyz); . . . . . . . . . . (1186)
the locus degenerating in this case into the line L and a conic having double con-
tact with s at the points where the s-polar of the point of intersection of L and «
meets it and s. '
79. The double chord through any point «y" on L or z = 0 (56),

Os (Os’0u’ 05’ ou’
5(525“37;3) t...=0
in this case, wherein '
ds Os Os '
%:@:&;—ngw:bg:bgy,
o oy o

= 2a,%'y" : aye’ : by,
18 _ ’
— 2agw ( % — abgx?y’) + gz (20bgxy ™ + 2abgx’y*) + by (— 20208 — % ) =0,

or
a@yT — a@y + 2y =0, . . . . . . (117)
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the envelope of which as «'y" describes the line L or z = 0, is
w=aw® +8byz=0, . . . . . . . . (118)

another conic having double contact with s and v at the same points.

80. Lastly, the chord through a point (@"y"%") on. the polar line of 2y, any point
on L which has the former as its Cores-point, but which is not one of the pencil of
chords through (w’y ), is (58)—when 2/ = 0, and Lis z = 0—

82% » + 7

S ¥ G — )+ L = )} 2 ¥ — 1) — 0.

But here
aszu// : azuu ”
) 5;,72 6002:1/ ’ a‘T,,a e 6062.% 5

whence the chord in question is
- y’y"z”w (" + 2y'x") 2"y + (@y” + 3y2)yz=0. . . (119)
81. The polar line of 230 being
2052y % + o2y + byy®s = 0,

the envelope of the chord (119) above, as «"y"2” describes the polar line just
mentioned, determined as the condition that

20,2y x” + a2y’ + byy®' =0
shall touch .
a2y — (yx + &y)y's — 2y e + 3yzy’ =0,
is—dividing out the factor 34—
(2050 + 32 + Sagb@™yz =0, . . . . . . (120)
or, as it may be otherwise written,

20,2 — byyyz)* + 8bs 2002y’ + ax®y + byy*)z =0, . . (121}
9 sy Y

a conic inscribed in the triangle formed by the lines ¥ = 0, Lior 2 — 0, and the polar
line of the point z'y" on L.
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V. NEWTONIAN DIAMETERS.

82. If L is the line at infinity, then

l:m:n=-snA :sinB: sinC,
= a : B : y;

and to the Corms-poiut of a chord through a given point on L (xy%) corresponds
the “mean point” on a chord parallel to a given line, the “direction coordinates” of
which are, § 44, :

yn— B,  al—vyE BE—em; .. . L (122)
the line being written :

§x 4y + &= 0;

viz., the quantities (122) may be considered as the coordinates of the point in which
this line, and all parallel to it, meet the line at infinity.

To every equation in the preceding part of this Paper involving as parameters
('y'?’) the coordinates of a pomt on I, a finite line, now corresponds one in which
«'y'% are replaced by

Nipiv=9yn—BL:al —y&— : BE— ay. Co (128)

I//

Thus, for the polar line of a2 (7) now appears D (4), § 17, i.e.,

Pu 2 e Pu Ban '
8r9+'u'8ﬁ+ az2+2’“’a 5 —I—ZV)\aa +2M’°8@8 =0, . (124)

which is, plainly, the locus of a point O on a chord parallel to éx 4 ... =0, and
meeting the cubic « in the points O,, O,, O,, such that '

00, 4+ 00, + 00, =0; . . . . . . . (125)

viz., O is the “ mean point ” on the chord relatively to the triad O,, O,, O. _
The line (124) is the Newtonian Dlametel of the system of chords (Auv); and its
envelope, since (123)

oA+ Bud =0 . . . . . . . . . (120)

the “ centroid,” v.e., the “ poloid ” of the line at infinity, is

Jazu 0% < O 2} { P Pu e Pw _
[a/" 022 ag/az> +. 28y 020w om0y Oa? ayaz} +...=0(127)

Uy ® —|—-...+uzgyz—|—...=0,

or

where 1,; = 0 is now the condition that 9, should be a parabola . . .,
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Uy = 0, that the line at infinity should be cut harmonically by the conics 9,u,
oM. ... .

The condition that the cubic w should touch the line at infinity in the standard
form (b%*+...)a® 4+ ... =0 is equal to four times that for the centrmd being
parabolic and touchmg the ﬁnlte asymptote of v ; and

83. When the cubic meets the line at mﬁmty in three real points, or the three
asymptotes are real, the centroid is an ellipse inscribed in the triangle formed by
these lines, so as to touch them at their middle points (Plate 8).

But if the cubic « has only one real intersection with the line at infinity, then the
centroid is a hyperbola, having the single real asymptote as a tangent ; and

The asymptotes of the hyperbolic centroid are the only real pair of conjugate
diameters of the cubic u, viz., each cuts every chord parallel to the other in its mean
point, and in particular divides the tangential chord of the cubic parallel to the other,
or the parallel nodal chord if the cubic is nodal, in the ratio of 2:1. Thus in Plate 7
the chords BB,, B'B’}, B,, parallel to one asymptote of the centroid, are divided in
such wise by the other asymptote in the points By, B',.

84. The mean point on any diameter of regarded as a chord of that cubic is the
point in which it is met by the diameter of the centroid conjugate in direction to its
chords, the ““double” one (§ 7) of which is the s-polar § 42 of that mean point.

The locus of the mean points of diameters of the cubic is the nodal cubic v, the
Cotesian of the line at infinity, having as its nodal tangents the asymptotes of the
centroid, and being therefore acnodal when the three asymptotes of the cubic are all
real (Plate 8), the acuode, or conjugate point, being the centre of the elliptic centroid.

The asymptotes of the cubic v meeting, two and two, on the diameters of s through
its points of triple contact with v, are parallel to those of the primitive cubic »; and
the line at infinity is its inflexional axis, these inflexions being at the points in which
the asymptotes of u meet that line.

In Plate 8 the Cotesian is represented with three hyperbolic branches, each touching
the centroid ; in Plate 7, with a real loop touching the centroid, and a single real
asymptote parallel to that of the cubic w. '

85. The envelope of the “double ordinates” of the Newtonian Diameters is repre-
sented in Plate 8 as a quartic (w) with three real cusps, the three diameters of the
centroid conjugate to the asymptotes of u being the cuspidal tangents. This quartic w,
as well as the Cotesian v, has triple contact with the centroid at the points of contact
of the asymptotes of u. In Plate 7, the cubic » having only one real asymptote, the
quartic w has only one real cusp; also it and v have only one real contact with s at
the point of contact of the real asymptote with s. Within the limits of the diagram
the only parts of w visible are (i.) that adjoining the contact referred to, terminating
on one side with the point of contact (C') of the double ordinate CD of the diameter
DD,—in this case (of L being at infinity) the point on CD conjugate to D (§ 59)
being at infinity, D is the centre of the segment CC'—and (ii.) the cusp of w with the
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contact C’; of another double ordinate C'D’, of the diameter D'D’;, D’ being the centre
of C'C’y. Tt will be observed that Dy, D’ are the mean points of the diameters DD,
D'D’y, D, being harmonic conjugate to D with respect to D;D,, the other two real
intersections with v (§ 58). , ' :

86. In Plate (8) is shown an “alien” ordinate EE, of DD, having its mean point
K, on that diameter (§ 61), but being an ordinate of the other tangent to s which
might be drawn through E,. The parabola, which is the envelope of these “alien”
ordinates through the different points on DDy, is also shown, touching DD, at the
point D, and having the connector of that point with the centre of the centroid as
diameter (88), this connector being now the representative of the

v+ xy=0

of the equation just cited, the connector of the Corks-point on the polar line of
(«"y'0) with the pole of the transversal I, now become the line at infinity.
- 87. The asymptotes of the centroid offer themselves as an unique pair of Cotesian
‘axes to which the cubic may be frequently referred with advantage, its equation being
then :
= ax® + by* + 6exy + 3cix 4+ 3¢y +c=0, . . . . . (1)

and the centroid, with changed sign—which is now immaterial —

s=abry —=0. . . . . . . . . . (i)

For many discussions also it is convenient to define the diameter by the coordinates
(x"y") of its point of contact with s.
- The equation of its double ordinate will now be

ax’ (x —a")+ely—y’)=0; B (1
and that of its ““alien ” ordinate at the point @y,
avyy (e — o)+ ey(y—y)=0. . . . . . . . . (iv)

It will be sufficient to indicate the steps by which these may be verified indepen-
dently of the general formulee given in the earlier part of this Memoir.
The diameter is the tangent to (ii.) at «”y” or

y'x + oy —22"y =0, . . . . . . . . (V)

the coordinates of the mean point of which may be found as one-third of the sums of
those of its intersections with u. The polar of this mean point is (iii.); and that
of the mean point of the second tangent to s through a,y, on (v.) is (iv.)


http://rsta.royalsocietypublishing.org/

A A

a
%
A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

JA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

MR. J. J. WALKER ON THE DIAMETERS OF A PLANE CUBIC. 201

88. The secondary chords through points lying on a given diameter, and héuving
them as their mean points, being inclined at varying angles with that diameter, to
determine that one which makes a given angle—say 6—with the diameter

tan 0 = y"(ax"x, — ey,) sin w/{ay e, + ex'y, — vy’ (ax "z, + ey;) cos w},

o being the angle between the asymptotes of the centroid : viz., it is the chord which
meets the diameter in the point (x,7,) such that

2y 1y, = e{y’(cos w — sin w) + &” tan 0} : ax” {x”(cos o + sin 0) — y” tan 6}.

In particular, the point at which the secondary chord is perpendicular to the diameter
is determined by

iy =e(@ 49 cosw): — ay’(y’ + «” cos w).
The angle between a diameter and its primary chords or ordinates is given by
tan ¢ = (ax® — ey”) sin w/{x"(ay"’ + ) — (ax"® + ey”) cos v},

and those diameters which are perpendicular® to their chords are the tangents to the
centroid at the points determined by

z (ay + ¢) = (ax? + ey) cos o,
1.e., the intersections of the conic
a(x?cosw —axy) +e(— x4 ycosw) =0
with the centroid ; or, multiplying by b, those of the parabolas

aba? cos w + be (— &+ y cos w) — € = 0,

aby?cos w + ae(rcosw —y) — e = 0.
The finite intersections in question are only three in number, their coordinates being
determined by the cubics
a?bx® cos w — abex? — aex 4+ ¢*cosw = 0,
ab%y® cos o — abey® — bePy + € cos w = 0.

89. When the asymptotes of the centroid are imaginary, two convenient Cotesian
axes of coordinates are found in the diameter parallel to one asymptote of » and its

* ¢ Diameter autem ad Ordinatas rectangula si modo aliqua sit, etiam Axis dici potest.” Nrwroy,
¢ Enumeratio Linearum Tertii Ordinis,” § 2.

MDCCCLXXXVIIL.—A. 2D
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conjugate ; to which lines the other two asymptotes will form a conjugate harmonic
pair. These axes are the special form which those of the self-conjugate triangle of
reference employed, §§ 63-76, take; and all the equations there deduced will be
adapted to the above Cotesian axes simply by substituting unity for 2.

90. When the cubic » is parabolic, i.e., touches the line.at infinity, its ““centroid ” s
also touches that line, viz., it becomes a parabola, which may then be referred to the
tangent parallel to the finite asymptote of %, and the diameter through its point of
contact.

The Cotesian v will then be made up of the line at infinity and a parabola, and the
chords of « having their mean points on a diameter of which they are not ordinates
will envelope another parabola, while the double chord will envelope a third.

In this case all the equations and formule of §§ 77-81 are applicable by simply
making z = 1.

It has not been thought necessary to add a figure in illustration of this case, the
curves being all of familiar character.

VI.——DgscrirrioN oF PLATES.

91. The two types of cubic which have been drawn to illustrate results arrived at
in this Memoir have been constructed geometrically with great accuracy as follows :—

(i.) Those in Plate 6 and Plate 8 from two conjugate diameters of a hyperbola, as
the well-known Cissoid of DiocrLEs from two rectangular diameters of a circle; viz.,
from a vertex of one diameter a pencil of lines was drawn, each to the extremity of an
ordinate parallel to the other diameter, and then its intersection with the equidistant
ordinate on the other side of that diameter determined a point the locus of which
gave the cubic u as represented, with one cuspidal branch and two hyperbolic. For
the figure in Plate 6 the line L was drawn arbitrarily, cutting w in three real points
A, A’, A”, and the tangents to u at these points traced, the accuracy of their directions
being vouched by their tangential points proving to range in a right line KK;K,.
The poloid s was next inscribed in the triangle formed by the triad of tangents,
touching them at points A, A,, Ag, harmonic-conjugate severally to A, A’, A” with
respect to the corners of the triangle. Another arbitrary line OD having been drawn
touching the conic in D and meeting the cubic in three real points, its Corrs-point O
was found by actual calculation from the measured lengths of the segments between L
and the cubic . The polar of O, being the double chord of the pencil through the
point on L of which OD was the polar line, of course determined that point (x).
[ Otherwise &’ might have been taken arbitrarily and the CoTes-point on L relatively
to it have been found by measurement; and so the polar-line of " with the double
chord have been arrived at.] The accuracy of the figure so far was tested by
examining the agreement of the Corms-points of L itself and another chord with
their intersections by the polar line at O’, O”. For the figure in Plate 8, corre-
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spondingly, the “ centroid ” was inscribed in the triangle formed by the asymptotes of
u s0 as to bisect the sides. The Cotesian v and the quartic w were laid down from
their equations without much difficulty, their triple contacts with s, and the parallelism
of the asymptotes of v to those of u, combined with the simply defined positions of the
cusps, and directions of the cuspidal tangents of w, enabling them to be traced with
great accuracy. The parabolic envelope shown in connexion with the diameter DD,
touching that line at its mean point and having an axis parallel to the connector of
that point with the centre of the centroid, as well as touching the asymptotes, was
readily constructed geometrically from these data, and its accuracy tested by a
tangent drawn arbitrarily, meeting « in three real points E, E,, E, and cutting DD,
in K, proving to have the last as its mean point, as determined by actual measure-
ment of segments, with great exactness.

(ii.) For the second illustration, Plate 7, the figure of a cubic % having only a single
real asymptote was obtained by constructing a Cissoid from two conjugate diameters of
an ellipse, precisely as that of DrocLEs from the circle, of which in fact this, as well as the
figure previously described, may be regarded as projections. The hyperbolic centroid
was then constructed from its equation referred to the two conjugate diameters of the
generating ellipse, which are also conjugate diameters of the centroid, and to one of
which the real asymptote of  is parallel. The Cotesian v with its real loop and
single real asymptote, parallel to that of u, having also the asymptotes of the centroid
as nodal tangents (§ 50), was constructed from its equation, the loop touching the
centroid at the contact with it of the real asymptote of w. It will be remarked in
this as in the case preceding where they are all three real, how soon the cubic v
approaches its asymptote, and its curvature becomes inappreciable. As regards the
little of w visible within the Jimits of the figure some remarks have already been
made, § 60. Two diameters, besides the conjugate pair which the asymptotes of s
form, § 83, have been introduced, DD, touching one branch of s and having three real
intersections with »; D’1)’; touching the other branch of s and meeting v in only one,
its mean point, D’;.  The “double” chords of these diameters, polars of their mean
points, touching their envelope w at the points C,, C'}, equidistant from D, D’
respectively as C, C', are typical of their kind. It will be remembered that they are
‘““double” chords of %, with which, however, in this figure, they have only one real
intersection. The mean point of the chord AA’A”, drawn parallel to the double
chord CD, as determined by actual measurement of segments, coincides with A, its
intersection with the diameter DD, to a nicety. Some remarks have already been
made, § 83, on the chords BB,, B'B’| B/, parallel to one asymptote of s and cut by the
other in their mean points By, B)” with great exactness. It has not been thought
desirable to introduce the parabolic envelope connected with either of the diameters
drawn, into this figure.

2 D 2
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